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Abstract
We prove that if a non-cyclic finitely generated group is hyperbolic (or one-relator, or linear), then
it has infinite girth iff it is not virtually solvable.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
The notion of girth of finitely generated groups is defined in [1,8] as follows.
Definition. Let G be a finitely generated group. Denote by X(G) the set of finite non-
empty subsets of G which generate the whole group. The girth of X ∈ X(G), denoted by
U(X,G), is the length of shortest relation among the elements of X in G. The girth of G
then is defined as U(G) = sup{U(X,G): X ∈ X(G)}.
In [1] we have shown an example of a group which does not contain non-abelian free
subgroup but has infinite girth. Conversely, it is also noted (by an example constructed
by A. Ol’shanski) that a group may have finite girth but still contain a non-abelian free
subgroup.
In this paper we prove that for some classes of groups (hyperbolic, one-relator, linear)
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these classes.
For a given class Ω of groups the Tits Alternative states that any group from this class
either contains free group of rank two or is virtually solvable. This was proved by J. Tits
for linear groups (see [3]) and is relatively easier to prove for hyperbolic and one-relator
groups.
For the last two classes one can state a much stronger statement, since hyperbolic groups
are virtually solvable (even amenable) if and only if they are virtually cyclic (see [4]),
besides, Tits Alternative holds also for finitely generated subgroups of hyperbolic groups
(which may not be hyperbolic), and any such subgroup too is virtually solvable if and only
if it is virtually cyclic.
The similar claim is true also for one-relator groups, i.e. any finitely generated sub-
group of a one-relator group either contains non-abelian free group or is virtually solvable.
Moreover, virtually solvable (even amenable, see [2]) subgroups of one-relator groups
are classified and consists of the following short list: Zn—cyclic group of order n, Z—
infinite cyclic group, Z2—two-dimensional integer lattice, K = 〈a, b | aba−1 = b−1〉—
fundamental group of a Klein bottle, and BS(1, n) = 〈a, b | aba−1 = bn〉 (|n|  2)—the
solvable Baumslag–Solitar groups (see [5] for the proof).
It is easy to see that if a group satisfies a law and is different from Z then it has finite
girth (see [1,8]). This is true in particular for all virtually solvable groups. Therefore when
proving the results stated in the abstract we can always assume that the groups (hyperbolic
(or its finitely generated subgroup), one-relator or linear) are not virtually solvable.
Proposition 1.1. Let G be a finitely generated group with and N G. If U(G/N) = ∞
and G/N is not isomorphic to Z then U(G) = ∞.
Proof. Assume U(G) = m, and G is generated by g1, g2, . . . , gk, k  2.
Let {θ1, . . . , θn} be any finite generating set of G/N and x1, . . . , xn ∈ G be representa-
tives of classes θ1, . . . , θn in G.
We can write g1 = u1(x1, . . . , xn)y1, . . . , gk = uk(x1, . . . , xn)yk where u1, . . . , uk are
some words in the alphabet x1, . . . , xn and y1, . . . , yk ∈ N .
We can assume that G/N is not cyclic (otherwise there is nothing to prove), therefore
n 2. Then the finite set Φ = {x1, x2,w1(x1, x2)y1, . . . ,wk(x1, x2)yk, x3, . . . , xn} gener-
ates G where we choose the words w1, . . . ,wk such that there is no relation of length less
than m + 1 among the elements x1, x2,w1(x1, x2), . . . ,wk(x1, x2), x3, . . . , xn in the free
group formally generated by x1, . . . , xn. But since U(G) = m there is a relation r among
the elements of Φ of length less than m + 1 in the group G. Projecting r into G/N we
get a relation among θ1, . . . , θn of length Lm, where L = max1ik |wi |. This shows that
U(G/N) Lm. Proposition is proved. 
2. Hyperbolic groups
In this section we will prove that if a hyperbolic group (or its finitely generated sub-
group) is not virtually cyclic then it has infinite girth.
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space ∂Γ called the boundary of Γ and an action of Γ on ∂Γ (see [4]). For any γ ∈ Γ we
denote by Fix(γ ) the set of points in ∂Γ fixed by γ .
We will use the following three propositions (see [4] for the proofs).
Proposition 2.1. Let Γ be a hyperbolic group which is not virtually cyclic. Then ∀γ ∈ Γ ,
γ = e, Fix(γ ) = ∅ if γ is a torsion and Fix(γ ) is a two-point set if γ is not a torsion.
Moreover, any infinite subgroup of Γ contains at least one nontorsion element.
Remark–Definition 2.2. The torsion elements are called elliptic and nontorsion elements
are called hyperbolic. So every hyperbolic group consists of hyperbolic and elliptic ele-
ments (excluding identity element).
Proposition 2.3. Let Γ be as above and a ∈ ∂Γ . Denote Γa = {γ ∈ Γ | a ∈ Fix(γ )}. Then
Γa is virtually cyclic and ∃b ∈ ∂Γ \ {a} such that Fix(γ ) = {a, b} ∀γ ∈ Γa \ e.
Proposition 2.4. Let Γ be as above and γ ∈ Γ is a hyperboilc element with Fix(γ ) =
{P,Q}. Then one of these points (say P) is attracting and another (Q) is repelling, i.e.
for any two disjoint open neighborhoods U and V of, respectively, P and Q there exists
n0 ∈ Z+ such that ∀n n0, γ n(∂Γ \ (U ∪ V )) ⊂ U and γ−n(X \ (U ∪ V )) ⊂ V .
The following lemma will be also needed.
Lemma 2.5. Let Γ be a hyperbolic group which is not virtually cyclic. Then for any finite
set of points ℘ = {a1, . . . , ar} there exists an element ξ ∈ Γ such that ξ(℘) ∩℘ = ∅.
Proof. For any i, j ∈ {1,2, . . . , r} the set Ai,j = {η ∈ Γ | η(ai) = aj } is a left coset of
Stab(ai) in Γ . By Proposition 2.3 Stab(ai) is virtually cyclic for any 1  i  r and thus
has infinite index inside Γ ; therefore the sets Ai,j , 1 i, j  r do not cover Γ0 (because a
group cannot be covered by the finitely many left (or right) shifts of finitely many infinite
index subgroups, by the result of B. Neumann (see [7])), and for any ξ ∈ Γ \⋃ri,j=1 Ai,j
we have ξ(℘) ∩℘ = ∅. Lemma is proved. 
Theorem 2.6. Let Γ be a hyperbolic group and Γ0 is a finitely generated subgroup of Γ
which is not virtually cyclic. Then U(Γ0) = ∞.
Proof. We will prove that U(Γ0)M for any positive integer M .
Let {γ1, γ2, . . . , γk} be a generating set of Γ0. By Proposition 2.1 there exists a hyper-
bolic element γ ∈ Γ0.
By Lemma 2.5 ∃ξ ∈ Γ0 such that
{
ξ(P ), ξ(Q)
}∩ {P,Q,γ±11 (P ), γ±11 (Q), . . . , γ±1k (P ), γ±1k (Q)
}= ∅.Then β = ξγ ξ−1 is also hyperbolic and Fix(β) = {ξ(P ), ξ(Q)}.
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S ∈ ∂Γ \ ({P,Q, ξ(P ), ξ(Q)}∪ {γ1(P ), γ1(Q), . . . , γk(P ), γk(Q)
}
∪ {γ1
(
ξ(P )
)
, γ1
(
ξ(Q)
)
, . . . , γk
(
ξ(P )
)
, γk
(
ξ(Q)
)})
.
Let U1,U2,U3,U4,W be mutually disjoint neighborhoods of, respectively, P,Q, ξ(P ),
ξ(Q) and S such that Uj ∩γ±1l (Ui) = ∅ ∀j ∈ {1,2} (j ∈ {3,4}), i ∈ {3,4} (i ∈ {1,2}), l ∈{1, . . . , k}.
By Proposition 2.4 we can choose a positive integer n0 such that ∀n  n0, γ±n(∂Γ \
(U1 ∪ U2)) ⊂ U1 ∪ U2 and β±n(∂Γ \ (U3 ∪ U4)) ⊂ U3 ∪ U4. In particular, γ±n(W) ⊂
U1 ∪U2 and β±n(W) ⊂ U3 ∪U4 ∀n n0.
Assume {p1, . . . , pk} be prime numbers such that pi > n0 + M ∀i ∈ {1, . . . , k} and
if |∑ki=1 pixi |  M and x1, . . . , xk ∈ Z then either
∑k
i=1 |xi | > M or x1 = x2 = · · · =
xk = 0.
Then the finite set Ψ = {γ,β, γ p1γ1βp1 , . . . , γ pkγkβpk } generates Γ0. We claim that
U(Ψ )M .
Indeed any relation of length less than M + 1 among the elements of Ψ would be of the
form
r = u1(γ,β)γm1u2(γ,β) . . . γmsus+1(γ,β),
where for every 1  i  s + 1 we have ui(γ,β) = γ qi βsi (or ui(γ,β) = βsi γ qi ),
max{|qi |, |si |}  n0, and either min{|qi |, |si |} = 0 or min{|qi |, |si |}  n0. Then by con-
struction we see that r(S) ∈ U1 ∪U2 ∪U3 ∪U4, so r(S) = S, therefore r = 1 ∈ Γ0.
The theorem is proved. 
Corollary 2.7. If Γ is virtually non-abelian free then U(Γ ) = ∞.
Remark–Conjecture 2.8. The corollary above can be proved directly without using the
theory of hyperbolic groups, however, it is not known to us that if Γ1 is a finite index
subgroup of Γ and U(Γ1) = ∞ then U(Γ ) = ∞. We conjecture that this is not always
true (see also [1, Question 3, Section 5]).
3. One-relator groups
The purpose of this section is to prove the following
Theorem 3.1. If Γ is a one-relator group then U(Γ ) = ∞ if and only if Γ is not solvable.
Conjecture 3.2. We believe the same can be claimed also about the finitely generated
subgroups of one-relator groups.
We will need the following two lemmas. Both are well known, nevertherless we present
a (well-known) proof of one of them.
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nents of c in r .
Lemma 3.3. Let G = 〈a, b, . . . | r〉 be a one relator group with at least two generators.
Then G has a presentation 〈t, . . . | r ′〉 where σt (r ′) = 0.
Proof. If σa = 0 (or σb = 0) then let t = a (or t = b). Otherwise we proceed by induction
on |σa(r)| + |σb(r)|. Assume 0 < |σa(r)|  |σb(r)|. Then G = 〈a, b, . . . | r ′〉 where r ′ =
r(ab−, b, . . .). Here if σaσb > 0 then  = 1, otherwise  = −1. Then |σb(r ′)| < |σb(r)|
and σa(r ′) = σa(r). Continuing the process finitely many times we achieve a desired pre-
sentation. Lemma is proved. 
Let G be any group and A and B are two isomorphic subgroups with isomorphism
φ :A → B . We will denote the corresponding HNN extension of G as G = 〈G, t | t−1at =
φ(a), a ∈ A〉.
Lemma 3.3 above allows us to write every one-relator group as an HNN extension
of another one-relator group with a shorter defining relator. We describe this here briefly
(see [6] for a proof and more detailes).
Let G = 〈t, b, c, . . . | r〉 be a one-relator group where by Lemma 3.3 we can assume
σt (r) = 0 and by replacing r by a suitable cyclic premutation if necessary we can assume
that r begins with b±1. Let bi = t ibt−i , ci = t ict−i , etc., ∀i ∈ Z. Then the relation r can
be written as a relation s on bi, ci , etc.
Let µ and ν be respectively the minimum and maximum subscript on b occuring in s.
Then G has a presentation:
〈
t, bµ, . . . , bν, ci, di, . . . (i ∈ Z) | s = 1, tbj t−1 = bj+1 (j = µ, . . . , ν − 1),
tci t
−1 = ci+1, . . . (i ∈ Z)
〉
. (∗)
For example, if G = 〈t, b | r〉 has two generators and σt (r) = 0 then G is an HNN
extension of a one-relator group 〈bµ, . . . , bν | s(bµ, . . . , bν) = 1〉 where the associated sub-
groups are the free groups generated by bµ, . . . , bν−1 and by bµ+1, . . . , bν .
Definition 3.4. A sequence g0, t1, g1, . . . , tn , gn where n  0, gi ∈ G,i ∈ {1,−1}
∀1 i  n, is called reduced if there is no consecuitve subsequence t−1, gi, t with gi ∈ A
or t, gj , t
−1 with gj ∈ B .
Lemma 3.5 (Britton’s Lemma). If the sequence g0, t1, g1, . . . , tn , gn is reduced and n 1
then g0t1g1 . . . tngn = 1 in G.
Proof. See [6]. 
Proof of Theorem 3.1. Let m be an arbitrary positive integer. We will consider two cases.
Case 1. Γ has at least three generators, i.e. the one relator presentation involves at least
three generators.
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that σt (r) = 0 and Γ has the presentation (∗).
The finite set Ψ = {tu(bµ, c0), bµ, c0, d0, . . .} does generate Γ where u is any word in
bµ and c0. Let u = (bµc0)m. Then by Britton’s Lemma there will be no relation of length
less than m among the elements of Ψ . Since m is arbitrary we conclude that U(Γ ) = ∞.
Case 2. Γ has two generators.
Then we have the presentation
Γ = 〈t, bµ, . . . , bν | tbj t−1 = bj+1,µ j  ν − 1, s(bµ, . . . , bν) = 1
〉
defined above.
If ν − µ 2 then we can take a finite generating set Ψ1 = {t (bµbµ+1)m, bµ, bµ+1} and
applying Britton’s Lemma we conclude that U(Γ ) = ∞.
If, however, ν −µ = 1 then we take the following generating set
Ψ2 =
{
t, tmbµ, t
2mbµ+1
}
.
It is immediate to see that to apply Britton’s Lemma to any relation of length less than
m among the elements of Ψ2, we need to guarantee that bµ = bnµ+1 and bµ+1 = bnµ for any
n ∈ Z. This is indeed true because otherwise the group Γ is a quotient of Baumslag–Solitar
group BS(1, n), n ∈ Z, and thus is solvable. Theorem is proved. 
4. Linear groups
In [1] we proved that U(SL(n,Z)) = ∞, n 2. The purpose of this section is to extend
this result to any linear group which is not virtually solvable. The techniques developed by
J. Tits in his proof of Tits Alternative helps us significantly to do this (see [3]). The idea of
the proof is very similar to the one of Theorem 2.6.
Definition 4.1. Let {λ1, . . . , λn} be a collection of all eigenvalues (counted with multiplic-
ities) of a matrix A ∈ GL(n,k) where k is a normed field. If ∃i ∈ {1, . . . , n}, such that
|λi | > |λj | for any j = i then λi is called a dominant eigenvalue of A.
Remark 4.2. It is easy to see that if A ∈ GL(n,k) is a matrix with dominant eigenvalue,
and k is a locally compact normed field then there exists an attracting point a ∈ Pn−1(k) in
the projective space of kn, more precisely, there exists a proper subspace V0 ⊂ kn such that
for any compact set K ⊂ Pk(V )\Pk(V0) and for any neighbourhood U of a ∈ Pk(V ) there
exists a positive integer N such that An(K) ⊂ U ∀n  N . We will denote the projective
subspace Pk(V0) as Va .
Proposition 4.3. Let G ⊂ GL(m,k) be a Zariski-connected linear group. If G is not vir-
tually solvable then there exists an irreducible representation G ⊂ GL(n,k) such that
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|λn−1| > |λn|. Moreover, kn =∧l km for some l m.
Proof. See [3]. 
Theorem 4.4. If Γ is a finitely generated subgroup of GL(n,k), where k is any field, then
U(Γ ) < ∞ if and only if Γ is virtually solvable.
Proof. We prove by induction on n. By the remark in the introduction we can assume that
Γ is not virtually solvable.
If Γ is not irreducible then there exists a nilpotent normal subgroup N  Γ such that
Γ/N is completely reducible. Since Γ is not virtually solvable then at least one of the
irreducible components of Γ/N is not virtually solvable with dimension less than n and
we conclude by induction involving Proposition 1.2.
Assume now Γ is irreducible. Since Γ is finitely generated we can assume that k is a
locally compact normed field. Denote V = kn and let H be a finite index Zariski-connected
normal subgroup of Γ .
By Clifford’s Theorem (see [9]) H is completely reducible, more precisely, there exist
a decomposition V = W1 ⊕ W2 ⊕ · · · ⊕ Wr into kH submodules of equal k-dimension
such that H acts irreducibly on each Wi and Γ permutes the subspaces Wi,1 i  r , i.e.,
∀g ∈ Γ and ∀i ∈ {1, . . . , r}, g(Wi) = Wj for some 1 j  r .
Denote X = Pk(W1) × · · · × Pk(Wr),G = GL(W1) × · · · × GL(Wr). Then G acts nat-
urally (coordinatewise) on X and the group Γ also acts on X as described above.
Since W1, . . . ,Wr are isomorphic vector spaces over k, both G and Γ naturally act also
on Y := Pk(W1)× · · · × Pk(Wr).
By Proposition 4.3 we can choose an irreducible representation H ⊂ GL(W ′1) and A′ ∈
H ⊂ GL(W ′1) such that W ′1 =
∧l
W1, and both A′ and (A′)−1 have dominant eigenvalues.
Then Γ action is extended to Y ′ = Pk(W ′1)× · · · × Pk(W ′1) = Pk(W ′1)r .
Let πi :Y ′ → Pk(W ′1) be the projection to the ith factor, for any 1 i  r , and a′, b′ ∈
Pk(W
′
1) be respectively the attracting and repelling points of A
′
. Denote
a = (a′, . . . , a′) ∈ Y ′, b = (b′, . . . , b′) ∈ Y ′, G′ = GL(W ′1
)r
,
A = (A′, . . . ,A′) ∈ G′, Va = V ra′ ⊂ Y ′, Vb = V rb′ ⊂ Y ′.
Then a and b are the attractive and repelling points of A.
Assume {C1, . . . ,Ck} is a finite generating set of Γ . We can choose D ∈ H ×· · ·×H ⊂
G′ such that for any 1 i  r ,
πi
({Da,Db} ∩ {a, b,Va,Vb,C±1 a,C±1 b,C±1 Va,C±1 Vb, . . . ,
C±k a,C
±
k b,C
±
k Va,C
±
k Vb
})= ∅. (∗∗)
Denote B = DAD−1 ∈ G. Then Da and Db are respectively the attractive and repelling
points of B .
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we can choose the point S ∈ W ′1, the neighbourhoods U1,U2,U3,U4,W of respectively
a, b,Da,Db,S and prime numbers p1, . . . , pk satisfying the same conditions as in the
proof of Theorem 2.5.
Then the set Ψ = {A,B,Ap1C1Bp1, . . . ,ApkCkBpk } generates Γ and U(Ψ )m. The-
orem is proved. 
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